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1. A CONJECTURE AND A THEOREM 
Let G be a finite group and K be a splitting field for G. We assume that K 
is an algebraic number field. The group algebra Q = K[G] is semi-simple 
and so splits into the direct sum 
where Qi is a two-sided ideal of R and is isomorphic to a full matrix algebra 
over K of some degree n, for 1 < i < s. s is known to be the number of 
conjugacy classes of G. 
G acts on R by (left or right) multiplication. If p is the character of this 
representation then p( 1) = 1 GI and p(x) = 0 for all x E G - ( 1 }. 
Corresponding to the decomposition (1) of R, p may be written as 
P =p, 0 ..* OP,, 
where pi is the character of the representaion of G on fl, for 1 < i < s. 
Let Z = { 1, 2,..., s} and (xi 1 i E I} be the set of all irreducible characters of 
G. For a subset J of Z, we put (xJ} = {xjl j E J} and 
An element of G of order divisible by a prime p is called a p-singular 
element. If the order is not divisible by p, it is called p-regular. Let Go be the 
set of all p-singular elements of G. 
Conjecture A. Zf pJ = 0 on Go, then (x,} is a union of p-blocks of G. 
In this note, we prove the following special case: 
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THEOREM A. Zf the Sylow p-subgroups of G are cyclic, then Conjecture 
A holds. 
We actually prove a slightly stronger result and obtain Theorem A as a 
corollary to it. As we will show later in this note, the proof of Conjecture A 
is reduced to the case where {xi} is contained in a block B of G. If so, we 
need only to show {x,} = B or {x,} = 4. We formulate a revised conjecture. 
Conjecture A’. Zf pJ = 0 on Go and {xJ} c B for a block B of G, then 
ix,) =B or Ix,} =9. 
THEOREM A’. Zf the defect groups of B are cyclic, then Conjecture A’ 
holds. 
We remark here that the converse of Conjecture A or A’ is an immediate 
consequence of the modular character theory. Therefore p - pJ in Conjecture 
A Or PJ, - pJ in Conjecture A’ vanishes on Go, where .ZB = {j E Zlxj E B}. 
2. REDUCTION FROM CONJECTURE A TO CONJECTURE A’ 
Suppose G satisfies the assumption of Conjecture A. Let 
jcJ jEJ 
Since pJ z 0 on Go, pJ can be written as 
k 
Here rk is the character of a representation induced from a principal 
indecomposable module U, of R[G] where R is the ring of 9-adic integer of 
a completion K ,. of K with respect to a prime divisor 9 of p. The coefficient 
ak may be computed by the formula 
ak = j$ ,,;,. PJ(d qk(g), 
where (Do is the irreducible Brauer character associated with U,/rad Uk. 
The characters in the set {rk } appearing in (2) are divided into some 
disjoint subsets, each of which contains tk’s of the same block. Thus pJ may 
be written as 
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where in each summation tk ranges characters belonging to the same block. 
Correspondingly, 
= KY nixi + V nixi + . . . + K’ nixi + *a* . 
f 2- 7 
Put pJ, = zj nixi. Then pJj is a linear combination of some rk's and so 
vanishes on Go. Therefore the truth of Conjecture A’ will imply the truth of 
Conjecture A. This completes the reduction from Conjecture A to 
Conjecture A’. 
3. STRUCTURE OF A BLOCK OF CYCLIC DEFECT GROUPS 
We collect some results of Dade on block structure with cyclic defect 
groups (see [l] or [2] for detail). We reproduce the formulation of [2] of 
Dade’s theorem below. 
Let D be a cyclic subgroup of a finite group G with 1 DI =pd > 1, and let 
B be a (p)-block of G with defect group D. For 0 < i< d we define 
subgroups Di, Ci, Ni by 1 D : Dil =pi, Ci = C,(D,), Ni = No(D,). Then 
DixDi+l,CiECi+1, NiGNi+l, Di & Ci s Ni, and there is a unique block 
B, of No with defect group D such that Bf = B. There is at least one block 
6, of Co with b? = B o; we denote E = NNO(bo), e = IE: C,I. Also, for 
1 < i < d - 1, b,Ci is defined; denote bi = b,Ci. Denote N = No, C = Co, and 
suppose 1 G Ip = pa. 
THEOREM (Dade). Assume the condition and notation stated above. Then 
we have: 
(1) lfb is any block of C, then bN=Bo tflb=b,Y, some YEN. 
(2) el(p - l), and E/C is faithfully represented as an automorphism 
group of D. If A is a set of representatives of the equivalence classes of 
nonprincipal linear characters of D under the action of E, we have 
(pd- l)/e=]/i]. 
(3) For any 0 < i < d - 1, let b a block of Ci. Then bG is defined and 
equals B, tfl b yi = b, for some yi E Ni. 
(4) For all O<i<d- 1, we have: NNi(bi)=ECi, IECi:CiI=e, and 
b, has defect group D. 
(5) B contains exactly e irreducible Brauer (modular) characters 
q, ,..., (Do, and exactly e + (pd - 1)/e irreducible complex characters x, ,..., xe, 
1XAI~EAl. 
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(6) All decomposition numbers in B are 0 or 1. If notation is chosen so 
that x = JJy-, dXqi’pi on p’-elements, then for all i, d,A,i is independent of 
L EA. If dXl,i = 0 then dIPi = 1 for exactly two values of j E {l,..., e). If 
dL,.i = 1, then dX,,, = 1 for exactly one value of j E { l,..., e). 
(7) Suppose i < d. The block bi of Ci contains a unique irreducible 
Brauer character; denote it by vi. Then for any z E Ni, (pi)* is the unique 
irreducible Brauer character in the block bf of Ci. 
(8) All nonzero higher decomposition numbers for B are given as 
follows. There exist signs E,, E, ,..,, E,; y,, ,..., yd-, , all equal to f 1, such that 
(a) if(x) = Di and z E Ni, then d?Jj,td,Z = EjYi, 
(b) if(x) = Di and z E Ni, then 
4. PROOF OF THEOREM A’ 
Let G be a finite group and suppose that pJ, B satisfy the condition of 
Conjecture A’. We need to show {x,} = B or {x,} = 4. Let D be a defect 
group of B. By assumption D is cyclic and so the theorem of Dade is 
applicable. We use the same notation of the previous section. Without loss, 
we may assume IDI > 1. 
Let i be a (fixed) integer satisfying 0 < i < d - 1. Put Di = (x). If 
y E Ci - Cp, the set of all p-regular elements of Ci , then 
Xj(xY) = zss &jYi(Vi)r (Yh 
I 
and 
X*(Xy) = C EoYi x n"(x)(~i)' (Y19 
ZESi tET 
where Si, or T, is a set of coset representatives of N,/EC,, or EfE f? Ci, 
respectively. 
Corresponding to the decomposition of B into nonexceptional characters 
and exceptional characters, pJ may be written as 
PJ=~Xj(l)Xj+~XXn(l)Xn, 
J’ A’ 
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(&W)* 
Since p&y) = 0 for y E Ci - Cp and all (q@‘s are distinct irreducible 
Brauer characters of Ci, we have 
VXj(l)Ej+X*(l)&, F’ \‘ nZ’(x)=O 
7 IFA t?T 
(3) 
Since (3) does not involve i, (3) holds for all x E D#. In particular, 
is a rational constant for x E De. Since 
is the sum of at most 111’ j] T] < ]II ]] T] =p* - 1 distinct irreducible 
characters of D, we conclude that 
lA’l=O or lfl’l=lAl. 
Interchanging {x,) and B-{xJ} if necessary, we may assume that l/i’] = 0. 
Therefore (3) becomes 
As before, R denotes the ring of .Fadic integers in K ,,. Let 
(s,lk = l,..., e} be the characters of the representations induced from the 
principal indecomposable submodules of R [G] that belong to the block B. 
By (6) of the theorem of Dade, 
or 
r/, =xi + xj9 1 <i# j<e, for l<k<e. 
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Since 7k( 1) = 0 (modp”) and xj( 1) f 0 (mod p”), we have 
IXj(l)lp= ATA X*(l) I I P 
for all 1 < j < e. Since 
I~~AXi(l)/=l~ll*~(l)l, 14=(pd- 1)/e. 
we have 
for all 1 < j < e and 3, E /1. Moreover by [ 1, p. 401 or [ 2, p. 4491, we have 
&i = - &j if zk = xi + xj holds for some rk, and Ej = E, if rk = Xj + xle,, x,, 
holds. From this, we conclude that there exists a nonzero constant M such 
that 
ejxj(l) E - E,, 1 x*(l) = M (modpaed+‘) 
IEN 
for all 1 < j < e. 
Equality (4) now implies that 
lJ’llA4 = 0 (modpa-d+‘) 
Since M f 0 (modpaPd+‘), we have IJ’I = 0 (modp). IJ’I < e<p- 1 
implies that IJ’J = 0. Hence {x,) = 4 as desired. 
This completes the proof of Theorem A’ and so Theorem A also holds. 
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